The oscillon is a highly localized dynamical phenomena occurring in a thin horizontal layer of granular material, which rests on a rigid metal plate and the plate oscillates in the vertical direction. It is axially symmetric and physically resembles a splash of liquid due to a falling drop, except that it continually perpetuates itself and does not generate a spreading wave, as is the case for a liquid splash. If the plate vibrates with amplitude A and period T 2pax, then the oscillon moves from``peak'' to``crater'' in time T 1 and``crater'' to``peak'' time T 2 , such that the time from``peak'' tò`p eak'' or``crater'' to``crater'' is twice the period of the oscillating plate namely T 1 T 2 2T . At present the physics of granular phenomena is not properly understood and there is no continuum mechanical theory of granular materials which is widely accepted as accurately describing their behavior. Here we present an elementary analysis of a single elastic ball bouncing on an oscillating plate, and we demonstrate that under certain circumstances the ball can perform a``big'' bounce followed by a``little'' bounce, and then simply repeat the sequence ad in®nitum. For a perfectly elastic ball initially at rest on the oscillating plate, the theory with T 1 T 2 predicts oscillonic behavior with an acceleration amplitude C Ax 2 ag (g is the acceleration due to gravity) of about 4.6, while experimentally oscillons have been observed to occur for C around 2.5. However, for T 1 T T 2 the theory predicts oscillonic behavior for values of C which are well in accord with those observed experimentally. The elementary analysis presented here at least provides speci®c alternative C values for future experimentation, as well providing some insight into what is otherwise a complex physical phenomena. Ó
Introduction
Thin layers of sand resting in a vacuum on a rigid horizontal metal plate, are known to form patterns, such as stripes, hexagons, spirals and triangles, when the plate is made to undergo rapid oscillations in a vertical direction. If the metal plate oscillates with amplitude A and angular frequency x then for certain frequencies f xa2p and acceleration amplitudes C Ax 2 ag (which are about 30 Hz and 5/2, respectively) so-called``oscillons'' appear, which are highly localized structures such that during one cycle a peak occurs and during the next it is a crater and so on (see Fig. 1 ). If T 2pax is the period of the oscillating plate, then the time from peak to peak or from crater to crater is twice this time. Oscillons were ®rst reported by Umbanhowar et al. [1] and owe their existence to the fact that less energy is dissipated by the grains in a region that is thinner than average, and therefore the grains in a slight depression bounce more vigorously than those around them. Grains in the dip are knocked out to the surrounding region causing a positive feedback which makes a big oscillation in the depression. The closest physical analogy to an oscillon is the``soliton'', which is a localized wave of water, arising from the balancing of the linear dispersion term and the nonlinear convective term. In phase oscillons (peaks and craters forming in perfect step) repel each other, while out of phase oscillons attract each other. Attracting oscillons become permanently bound together and more than two oscillons can form stable structures such as chains, triangular associations and extended lattices, and the reader is referred to the general article Chown [2] for further details.
At present modeling granular¯ow using continuum mechanics is a highly controversial area, on which there is little overall agreement. All granular theories, whether continuum mechanical or otherwise, need to speculate at the microscopic level on the nature of the particle±particle interactions. Since this is presently unknown, the subject is speculative in nature and accordingly somewhat controversial. The problem facing physics and continuum mechanics is to correctly encapsulate behavior at the particle level and yet still produce a tractable and meaningful macroscopic theory. A number of theories have been proposed (see for example [3] ) but at this juncture there exists insucient reliable experimental data to conclude which, if any, of the existing theories are more applicable to real granular systems. Since the physical characteristics of granular materials can vary considerable, the problem of modeling granular¯ow remains one of the major outstanding problems of physics and continuum mechanics. Recently, Tsimring and Aranson [4] have proposed a phenomenological model for pattern formation in a vertically vibrated layer of granular material. This is an ad hoc model, not based on continuum mechanics, but the structure and dynamics of solutions closely resemble localized and cellular patterns which are actually observed in experiments.
An elastic ball bouncing on an oscillating plate has been exhaustively studied in the literature, from many points of view, but mainly from the perspective of a simple physical system giving rise to chaotic behaviour. (See for example [5±10] and the numerous references contained therein, especially [5, Chapter 1] .) Here, we are not concerned with chaotic behaviour nor with any of the other numerous exotic motions the bouncing ball can follow. Rather, our purpose is to identify conditions under which the motion displays characteristics which closely resemble oscillonic behavior. Under certain circumstances, we show that the ball can make a``big'' bounce, followed by a``little'' bounce, and then the sequence is repeated, so that we might envisage the big bounce as``peaks'' and the little bounce as``craters'' and occasionally we use this terminology. There is a simple physical explanation as to why this phenomena should occur. Roughly speaking from the peak the particle has more time to fall and during that time the plate rises signi®cantly but the motion is slowed as it reaches the maximum amplitude and therefore the particle receives less of à`k ick''. On the other hand, the particle falling from a crater has less time to descend before hitting the plate, but the plate is moving faster and therefore provides the particle with a larger restoring force and it is``kicked'' back to the higher position. This explanation is by no means precise, but in order to achieve this repeated pattern of behavior, a synchronization of plate and particle of the type indicated must occur. For a perfectly elastic particle initially at rest on the plate, the simple theory with T 1 T 2 , predicts almost oscillonic behavior with an acceleration amplitude C which exceeds those which have been observed to occur experimentally. However, for other coecients of restitution and T 1 T T 2 , the theory predicts values of C which are well in accord with experimental observations. Moreover, it also predicts other values of C for which almost oscillonic behavior can be expected to occur. In fact for almost oscillonic behavior there are an in®nite family of such allowable C's such that the necessary acceleration amplitudes might be be termed`q uantized''. Alternatively, we can produce precise oscillonic behavior simply by locating the particle at one of the stationary positions and allowing it to fall freely under gravity at some designated time t 0 .
We employ the elementary theory of particles falling vertically under gravity, and for impacts with the plate we adopt the standard constitutive law jrelative velocity after impactj ejrelative velocity before impactjY 1 where e denotes the usual coecient of restitution. In Section 2, for a particle initially at rest on the plate, we examine the initial motion of the particle, which is a separate calculation, and the time t 0 to the ®rst stationary position and the corresponding height z 0 turn out to be particularly important parameters. The suggested motion is only possible if initially the particle is propelled into one of the crater or peak locations. If it is not located initially in one of these two modes, then some other motion eventuates. The constraints on t 0 and z 0 provide two equations, one of which prescribes the acceleration amplitude while the other represents essentially a consistency condition which must be satis®ed in order to obtain oscillonic behavior. Since this latter condition is satis®ed only approximately, we term the motion``almost'' oscillonic. In Section 3, we detail the subsequent motion between peaks and craters and vice versa to determine precise conditions under which a motion of this type is possible. In general, the problem reduces to solving the nonlinear system of three equations (37) for the three unknowns x 0 , x 1 and x 2 which are de®ned by Eq. (36). In Section 4 we show that the special case when T 1 T 2 T is only possible for the perfectly elastic ball e 1 and some detailed numerical results for this case are presented. In Section 5 we detail the solution of (37) for the case T 1 T T 2 , and numerical results for this general case gives rise to values of C which are precisely in accord with the experimental values obtained for the oscillon.
Initial motion of the particle
We consider the idealized situation of a ball bouncing vertically on a horizontal rigid metal plate which is performing oscillations in the vertical direction according to zt A sin xt and the vertically upwards direction is taken to be positive. We assume that the particle remains in a vertical plane and that initial motion occurs at time t c 0 6 xt c 6 pa2 as a result of the particle leaving the plate from originally being at rest on the stationary plate. For 0 6 t 6 t c , the particle remains on the plate and has the equation of motion
where M is the mass of the particle and N is the normal reaction between the particle and the plate, as indicated in Fig. 2 . The particle remains on the plate so long as N b 0 but leaves the plate when N 0 at time t c which is determined for the condition
or alternatively
where C Ax 2 ag, is assumed to be greater than unity. The position and velocity of the particle are known at t c and for t P t c the subsequent motion of the particle is described by where vt dzadt denotes the velocity of the particle. From these equations we may deduce that the time t 0 be the ®rst stationary point and the particle height z 0 at that time are given by
which are important parameters which we exploit later.
In the following section we analyze the motion between peaks and craters and vice versa.
Motion between peaks and craters and vice versa
Suppose that t n and z n denote the time and position respectively at which the particle has zero velocity. Since for time t P t n the particle falls under gravity, its position and velocity are given respectively by
Let s n P t n be the time at which the particle collides with the plate, so that s n is determined as a root of the transcendental equation
Fig . 3 shows the particle falling downwards with a velocity of magnitude u 1 , and rebounding vertically upwards with a velocity of magnitude v. In Fig. 3 (a) the plate is assumed moving upwards with velocity u 2 while in Fig. 3 (b) it is assumed to be moving downwards but u 1 b u 2 . Application of the physical law (1) to both situations gives respectively
Thus, with our sign convention, if v 1 is the particle velocity, v 2 the plate velocity, then both formulae combine to give the rebound particle velocity v as
which we adopt as the basic equation to determine the particle velocity after impact with the plate. From (7) and (9) we have vs n eg s n À t n 1 eAx cos xs n Y 10 and for t P s n , the position and velocity of the particle are given respectively by zt zs n vs n t
From these equations it is a simple matter to deduce
so that we obtain, using (7), the relation
Àt n t n t n1 À 2s n Y from which we may deduce
a result which is independent of the assumed physical law given by Eq. (1). Now t 0 and z 0 denote the time and position to the ®rst stationary point. We now suppose T 1 is the time to the subsequent stationary point occurring at time t 1 and position z 1 . Further, we let T 2 be the time to the next stationary point which occurs at time t 2 and position z 2 . We now assume that this pattern is repeated for n P 0
and that if h 1 and h 2 denote the heights at times t 1 and t 2 , respectively we have
From (13)±(15), with T 1 T 2 2T we may deduce
and using Eqs. (8) and (10) in conjunction with (14)±(16) gives rise to the four basic equations prescribing the motion.
From (8) and (10) and the ®rst equations of (14)±(16) we can deduce
where the constant q is de®ned by
Now since the left-hand sides of (17) are independent of n, such a motion is only possible if xT mp, for some integer m. Here, we have in mind the period doubling case m 2, but for the time being we leave m arbitrary. Assuming that xT mp, (17) becomes
and in a similar manner, from (8) and (10) and the second equations of (14)±(16) we obtain
Eqs. (19) and (20), together with the constraint
constitute ®ve equations for the ®ve unknown quantities T 1 , T 2 , h 1 , h 2 and t 0 assuming that A, x, q and m are all prescribed. The form of (19) and (20) suggest we introduce d 1 and d 2 such that
and on rearranging somewhat, the four basic equations (19) and (20) can be shown to become
In addition, from (22) and on equating expressions for h 1 À h 2 and using (21) we may deduce the equation
Eqs. (21), (23) and (24) comprise ®ve relations for the determination of the ®ve quantities T 1 , T 2 , d 1 , d 2 and t 0 . In the following section we detail a particularly simple solution of these equations for which T 1 T 2 (and therefore d 1 d 2 ) but only applying to the case of a perfectly elastic ball e 1.
Special case of T 1 T 2 for a perfectly elastic ball
Now assuming T 1 T 2 , it follows from (22) that d 1 d 2 and therefore from the ®rst equations of (23) we have either cos xt 0 0 or sin xd 0. The latter case is of no physical interest while in the former case we have xt 0 2k 1pa2 for some integer k and from (23) we obtain
which coincide if and only if q is zero in which case we have
On
we have on using T 1 T 2 mpax and (22), the following relation
and therefore from (27) we obtain
Thus if m 2p for some integer p we have
while if m 2p 1 we obtain
Now in the particular physical situation of interest m 2 p 1 and assuming that k is determined as a root of equation (31) with p 1, then h 2 is found from (23), thus
Now a motion of this type can only occur if C and x are such that t 0 and z 0 as given by Eq. (6) satisfy
and in principle these latter conditions constitute two equations for the determination of the necessary A and x, which allow oscillonic motion of the type described. However, Eq. (34) 1 , de®nes C but equation (34) 2 turns out to de®ne the quantity h 2 x 2 ag, which is already de®ned by Eq. (33) and a similar situation occurs for the case when z 0 is set to equal h 2 . Fig. 4 , which is given by Umbanhowar et al. [1] , shows the region of acceleration amplitudes C Ax 2 ag and frequencies f xa2p where oscillons and other patterns have been observed to occur experimentally. It is clear that oscillons arise for C approximately 2.5 and f in the range 20±35 Hz. For integer k P 1, we solve Eq. (34) 1 to determine C and then k is obtained by solving Eq. (31) with p 1 and the numerical results are shown in Table 1 . Fig. 5 shows the determination of the roots of equation (31) for various values of k, the straight lines having gradients 
À1
k1 aC. For precise oscillonic behavior we require the initial height z 0 to be either of h 1 or h 2 as indicated by Eq. (34) 2 . However, our theory does not allow this as a``precise'' outcome and the ®nal two columns of Table 1 show the numerical values of D 1 and D 2 which are de®ned respectively by
Clearly, from Table 1 it is apparent that z 0 can be almost h 1 but never h 2 , and in view of the large values of x of interest experimentally, it is clear that z 0 9 h 1 and such values are indicated in Table 1 with an asterisk. In Appendix A we present asymptotic formulae for large values of C which con®rm the behavior indicated in Table 1 . 
Solution for any T 1 , T 2 and coecient of restitution e
On introducing three non-dimensional variables x 0 , x 1 and x 2 de®ned by
where d 1 and d 2 are de®ned by Eq. (22), then from (23), on eliminating T 1 and T 2 by means of the two relations (21) and (24), we obtain the following three determining equations:
where as before C Ax 2 ag and x 0 and C are related by Eq. (6) 1 . In this terminology the solution of the previous section for q zero is simply x 1 x 2 x, where x satis®es
which is the same equation as (27). A numerical solution of the system (37) can be obtained directly, but some formal simpli®cation can be achieved giving rise in particular to the important equation (42), which shows that if e 1, then x 1 x 2 unless the denominator on the right-hand side of (42) On introducing new variables
so that we have
which simpli®es the system (37) to yield
and on eliminating C cosy x 0 from the ®rst and third of these, we can deduce
which shows that if q is zero then x 1 x 2 , but note that this does not necessarily mean that T 1 T 2 . This is one possibility, but there is also another as can be deduced from Eq. (22). A ®nal determining equation for x can be obtained by eliminating x 0 using the standard relation sin 2 y x 0 cos 2 y x 0 1, and it is convenient to introduce new variables
From (41) 2 , (41) 1 and (42) we can deduce
We note that these equations formally yield (38) in the limit q tending to zero. On squaring and adding we ®nally obtain a single equation for the determination of X and from which all other quantities may be found, namely
and this equation would need to be solved numerically. The appearance of the trigonometric functions in (37) means that the system no doubt possess numerous solutions, and we emphasize here that we make no attempt to provide an exhaustive investigation. We merely demonstrate how certain families of solutions relate to the results of the previous section and we establish that this set of equations has solutions for those C values which are observed in the oscillon experiments. From using a multi-dimensional Newton±Raphson scheme, Figs. 6 and 7 each show the variation of allowable C values with e for three distinct families of solutions of (37), which for e 1 all coincide with the ®rst two C values given in Table 1 . Numerical values of the roots x 0 , x 1 and x 2 corresponding to Figs. 6 and 7 are given in Tables 2 and 3 , respectively. Notice that the root x 1 x 2 p occurs in both tables for all values of the coecient of restitution and the validity of this root can be veri®ed directly from Eq. (42). Fig. 8 shows the variation of C with e for one family of solutions and the corresponding numerical table of Table 4 . In reference to Fig. 8 we make the following comments. Firstly, the C values obtained for this family are well in accord with those values for which oscillons have been observed. Secondly, the value C 2X55 occurring Fig. 7 . Variation of C with e for three families of solutions of the system (37) which all pass through the value C 7X79. Table 2 Numerical values of x 0 , x 1 and x 2 for the three families of solutions of (37) shown in Fig. 6 e C for e 1 and x 1 x 2 is not determined from the analysis of the previous section because it does not arise from the case T 1 T 2 , but rather from the alternative possibility T 1 T 2 2h 2 À h 1 ag. They are many other similar families of solutions of (37) and two further families are shown in Table 3 Numerical values of x 0 , x 1 and x 2 for the three families of solutions of (37) shown in Fig. 7 e C x 0 x 1 x 2 Fig. 9 with the corresponding numerical values given in the second and third tables of Table 4 . Fig. 10 shows the variation of C with e corresponding to x 1 x 2 p for which x 0 pa2 when e 1 and the corresponding numerical data is shown in Table 5 . Table 4 Numerical values of x 0 , x 1 and x 2 for the three families of solutions of (37) Fig. 9 . Variation of C with e for three families of solutions of the system (37) for which x 1 T x 2 when e 1.
Conclusion
In order to gain some insight into the problem of oscillon formation in a rapidly vibrating granular layer, we have examined the dynamics of a single particle bouncing on a horizontal plane, which itself is oscillating with amplitude A and angular frequency x (namely zt A sin xt). Clearly, there are huge dierences between the two problems, and yet the motion of an individual particle of the oscillon performs essentially the phenomena described here for an isolated bouncing ball. The oscillon is remarkable because the interactions between particles appear to be well organized so that together their individual motion is coordinated to form a continuous movement in both space and time. For T 1 T 2 the mathematical analysis presented here requires that the bouncing ball be perfectly elastic and predicts an acceleration amplitude C Ax 2 ag of about 4.6 for oscillonic behavior to occur. However, for T 1 T T 2 the system of equations (37) has at least one family of solutions, which is shown in Fig. 8 , for which the C values are precisely those observed experimentally, namely C in the vicinity of 2.5.
There are two approaches to our theory. Either we can attempt to properly mimic the oscillon problem and start the particle initially at rest on the plate or alternatively we can simply locate the Fig. 10 . Variation of C with e for a family of solutions of the system (37) for which x 1 x 2 p and x 0 pa2 when e 1. Table 5 Numerical values of x 0 , x 1 and x 2 for the family of solutions of (37) shown in Fig. 10 e C particle in one or other of the two stationary positions at some prescribed time t 0 . In the latter case the theory predicts that perfect oscillonic behavior can occur for any amplitude A and angular frequency x. The former interpretation is more interesting because it genuinely models the individual particles of the oscillon, assuming no interaction between particles. For the former approach we emphasize three important features of our analysis. Firstly, there are no individual restrictions on A and x separately, but only on the combination of these quantities arising in the acceleration amplitude C Ax 2 ag. Secondly, there are an in®nite family of allowable C's and these numerical values might provide a guide for future experimentation. Thirdly, this theory does not predict perfect oscillonic behavior and we have adopted the terminology``almost'' oscillonic behavior. By this we mean that for a particle initially at rest on the plate, we require the ®rst stationary position z 0 to coincide with one of the stationary modes, namely either height h 1 or h 2 . For T 1 T 2 and those values of C which allow oscillonic behavior, the particle does not achieve this precisely, but the numerical results demonstrate in a remarkable fashion, that z 0 is almost h 1 but never h 2 , assuming that h 1 b h 2 .
We emphasize here, that clearly we have not attempted to model the oscillon as such. Rather we have attempted to gain insight into this complex physical phenomenon by examining the conditions under which an isolated particle behaves in a similar manner. We have shown that this simple analysis gives rise to speci®c values of C which might serve as a guide for future oscillon experiments.
where a and a are to be determined. On substituting (A.3) into (31) we may readily deduce a 1a2 and a AE 2 p so that Table 6 Exact and approximate numerical values of C and the two roots k of (31) for which D 1 approaches zero (approximate values determined by the asymptotic results (A.2) and (A.4)) 
